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A Dynamic Loads Scaling Methodology
for Helicopter Rotors

Louis Mirandy*
Boeing Vertol Company, Philadelphia, Pa.

A method for scaling vibratory loads between dynamically dissimilar rotors is developed. It is based upon
separating the blade response into contributions from each of its natural modes in order to account for dynamic
differences between the model and prototype. The procedure is applied to test data obtained from different size
rotors. Good correlation results. In addition, the modal approach is shown to provide a practical means of
determining vibratory hub loads and blade deflections (which are usually difficult to measure directly) from
blade bending moment measurements which are relatively easy to obtain.

Introduction

ODEL testing of helicopter rotors is a useful aid to

various aspects of prototype design such as
performance, stability, dynamic loads, and the exploration of
new concepts. Ormiston! gives an excellent survey of
helicopter modelling usage and techniques. In this work, we
will consider specifically the application of model rotor
vibratory loads to prototype dynamic design.

The application of model rotor testing to prototype
dynamic design has historically required the construction of a
model which is dynamically as well as aerodynamically
similar. All model loads can then be scaled by simple
geometric factors. While such an approach greatly facilitates
the scaling of dynamic loads, it requires the often difficult
task of building a dynamically similar model, and fur-
thermore it limits the application of model test results to a
specific prototype design. Clearly, great value could be
derived from the capability to scale vibratory loads between a
nondynamically similar model and prototype. The principal
difficulties are that, in general, the scale factors will depend
on both the dynamic character of the applied loads and the
point on the structure at which the measured loads are being
scaled. For example, dynamic scale factors for one per rev
loads may differ from those for two per rev loads, while in
addition, the ratio of model to full scale bending moments at,
say, .20 radius may differ from that at .40 radius for all
forcing frequencies. To overcome these difficulties we
separate the response of the rotor according to its frequency
and modal content. The modal separation enables the
response of a complex structure to be conveniently expressed
in terms of a minimum number of variables. The technique of
scaling these variables is developed herein.

Apart from dynamic similarity, another problem area in
model rotor testing is the accurate determination of fixed
system vibratory hub loads. The problem exists because in
order to be sensitive enough to measure rotor loads, the
balance will most likely also be flexible enough to contain
resonances in the frequency range of interest. An important
spin-off of the modal separation process used for scaling is
that it enables the accurate determination of fixed system
vibratory hub loads from blade bending moment and root
hinge angular deflection measurements. The current emphasis
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on helicopter vibration makes this capability increasingly
important.

Overview

Figure 1 summarizes the major steps of the scaling
procedure. We begin with a model and prototype having the
same nondimensional aerodynamic parameters. These include
geometric properties such as blade twist, planform taper,
airfoil type, etc.; and operating conditions such as advance
ratio, inflow ratio, and blade pitch setting. The model may be
scaled to have either the same Mach number or Reynold’s
number as the prototype, whichever is deemed more im-
portant. (The models reported on later in this study were all
roughly Mach scaled.) The key point to keep in mind is that
the model and prototype should experience, as nearly as
possible, the same nondimensional aerodynamic loading. And
in many cases of practical importance, differences in Mach
number or Reynold’s number will produce a negligible effect.
It is important to point out that for hingeless rotors, cyclic
pitch and not hub moment should be matched on the model
and prototype in order to obtain aerodynamic similarity. On
the other hand, in most practical applications on both
hingeless and articulated rotors, thrust coefficient is a better
parameter to match than collective pitch.
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Fig. 1 Steps in scaling procedure.
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During the model test some form of blade dynamic
response, usually bending moment at several radial stations,
is measured. In general, this response is comprised of the
aggregate of separate responses from each of the blade
natural modes. The individual contributions of the dominant
modes are next computed with the aid of known model
dynamic properties. At this point the modal contributions
may be used to calculate other model response parameters
such as fixed system hub loads. More important, we are now
able to compute the nondimensional airloads which caused
the response in each mode. These airloads in turn are used to
compute the dynamic response of the prototype design. In
fact, these same airloads may be used to compute the dynamic
response of any rotor which-is aerodynamically similar to the
model.

Scope

The methodology is developed and demonstrated for
steady-state operating conditions in which blade dynamic
loads are repeated rotor cycle after rotor cycle. The dynamic
response is then conveniently expressed in terms of its har-
monic content, rather than as a time history. It should be
remarked, however, that the methodology is not dependent on
the harmonic character of the loads so that the scaling
procedure is easily modified to handle general time histories,
thus enabling the method to be used for maneuver conditions.
This is discussed in more detail later.

"We exclude from this work rotor instabilities and con-
ditions at which significant amounts of blade stall exist. In
such circumstances the key element is often the airloads that
result from the blade motions themselves. For dynamically
dissimilar rotors the blade motions will differ and hence the
onset of stall or instability will occur at different operating
conditions. The scaling method presented herein accounts
only for simple linear airloads due to blade motions, and as
such cannot adequately handle instabilities or blade stall.

The methodology will be developed in detail for blade
uncoupled flapwise response. (The blade flapwise, chordwise
and torsional directions are illustrated in Fig. 2.) The scaling
of blade torsional loads is analogous to the flap case, for
conditions in which nonlinearities due to stall or com-
pressibility are not in evidence. The additional considerations
necessary for scaling chordwise loads are pointed out in the
next section. The method can be further extended to in-
corporate coupled flap-chord-pitch blade modes. Finally, the
modal scaling approach, presented in this work, can most
likely be used in other, analogous, (nonhelicopter) model
testing applications.

Analytical Development
The dynamic response of a rotor blade may be expressed as
the sum of the individual responses occurring in each of the
blade’s natural modes. For example, the flapwise deflection w
at a given radial position r may be written

w0 =Y Z (g )
=1
a
FLAP!
CHORD
TORSION

Fig.2 Blade motions.
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where Z; is the deflection shape of the ith mode and g; is the
generalized coordinate, a measure of the participation of the
ith mode. Since Z; is simply the shape assumed by the blade
when vibrating in the ith natural mode, it may be normalized
to any convenient value. Standard practice in the helicopter
industry has been to assign the modal tip deflections a value
of unity, i.e., Z;,(R) = 1. Then g; is the blade tip motion due
to participation of the ith mode. Corresponding to each
modal deflection shape (Z;) are unique radial distributions of
bending moment (M,;), shear (¥), and slope (dZ;/dr).
These quantities (Z;,, M,;, etc.) depend only on the blade
physical properties and rotational speed, while the generalized
coordinates reflect the applied forcing and blade dynamic
characteristics.

It is important to recognize that all possible states of.
flapwise deflection can be described by Eq. (1). Completely
analogous expressions exist for slope, bending moment, and
shear. Thus, if any one of these four quantities are known, the
remaining three may be uniquely determined. The generalized
coordinate representation provides a convenient means of
going from motions to moments to shears. Finally, it will be
noted that, in general, it requires an infinite number of modes
to completely define the response. Of course, in most prac-
tical applications only a few modes are required, because the
response in higher modes becomes negligible. For example,
we have found that three elastic flap modes are usually ample.
With this brief introduction to the modal representation of
blade response, we proceed to the determination of
generalized coordinates from test measurements.

Separation of Response into Normal Modes

First some form of the model blade response is recorded
during the test. Let us assume that we have flapwise bending
moment measurements at a number of different radii. The
moment at any particular radial station, r=r;, may be ex-
pressed as :

my (rt) = Y M, (r;) g, (1) @)

where the ‘“modal moments’” M,; are readily determined
from theory (they are outputs in most blade natural frequency
computer analyses), or they may be measured directly in a
shake test. They represent the bending moment distribution
per unit motion in their respective modes. If bending
moments are measured at m discrete radial stations, we may
use these data to solve for a finite number of generalized
coordinates. The appropriate equations are

[ My (r)) Myp(r)) e, M, (r) [

q:
J
L My, (rg) oeeeee e e M, (r,) § L @qnv
my(r[:t)
my(rZJI)
= r 3)
my, (7p,t) )
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Thus there are m linear algebraic equations for the n unknown
g;. A unique solution exists for n=m, and for n<m a least-
squares solution may be sought. In this last case the error in
the solution of the ith equation is given by

e=m,(r;) — EIMyj<ri)q, 4)

The equations will be satisfied in the least-squares sense when

m
L

=1

is a minimum. It is easily shown that this condition resuits in
the following set of n equations:

(M,]17(M,]{q)=[M,]"(m) &)

where [M,] is the matrix of modal moments on the left-hand
side of Eq. (3) and [M,]7 is its transpose.

To provide an ability to assess the goodness of fit, it is
recommended that the blades be instrumented with more
gages than the number of modes to be analyzed, and the least
squares solution used. The process is analogous to drawing a
smooth curve through a number of data points rather than
trying to draw the curve through each and every point.

The equations for the generalized coordinates may either be
solved at a sufficient number of discrete values of time or the
m,, (r,t) may be replaced by their harmonic components in the
case of steady-state operating conditions. The form of the raw
data and ultimate use of the generalized coordinates will
dictate the more expeditious route.

An articulated rotor has rigid-body flapping freedom which
does not produce any bending moment. To determine the
amount of rigid-body motion we must measure blade root
flap angle (or a flapwise acceleration on the blade). The flap
angle contains elastic as well as rigid-body motion so that

dz; (0
B0 =By (1) - L 29 ©)

T dr 9

where 3 is the flap angle due to rigid-body motion and 3,, is
the measured flap angle. The g, are known after solving Eq.
).
Scaling of Generalized Coordinates

The generalized coordinates serve as excellent quantities to
scale between model and prototype since they can be used to

compute the loads and motions at any point on the blade. The
equation for the ith flapwise coordinate, g;, may be written

p pcRY 0
g+ (0/Q)ig;= N, SIpBZ,»dx )
where
N; =generalized mass in the ith mode = {Z?dm
(w/Q); =natural frequency of the /ith mode in per rev
o =air density
c =blade chord
R =blade radius
()" =d()dy, y=U

In general the nondimensional flap forcing distribution pg
will depend upon the blade motion and hence upon the g;
themselves. Let us separate pg into a part that depends upon
blade motion, p,, (g;), and a part that is independent of blade
motion, p,. Then Eq. (7) may be rewritten as

N;i/pcR? {q/+ (w/R)}q;} — P (q;) Z;dx=F, (8a)

F,={p,Z,dx (8b)
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The generalized coordinates are known from the model test
and if the functional form of p,, is known, then we may solve
Eq. (8) for F;. The nondimensional forces F;, so found, apply
to any aerodynamically similar rotor, provided its mode
shapes Z; do not differ appreciably from those of the model.
Equation (8) can then be used to solve for the prototype
generalized coordinates, since its physical properties (N,
(w/Q),, ¢, etc.) are presumably known along with the forcing
F;. The accuracy of the procedure depends upon how good the
representation for p,, is and how well the mode shapes of the
model and prototype agree. In most practical applications
differences in mode shape are not a major factor. Never-
theless, a procedure which accounts for such differences is
presented in Appendix A. The aerodynamic loading due to
blade motions has been determined on the basis of
quasisteady linear aerodynamics in Appendix B. The results
are

~{pnZidx= E {(c; +pdysing) g/ +(us cosy +plrysin2y)g; )
J
(8c)

where the coefficients (c;, d;;, etc.) are defined in Appendix
B. Egs. (8a), (8b), and (8¢c) are sufficient to scale the
generalized coordinates determined from model testing to
corresponding prototype values. The procedure may be vastly
simplified if we neglect intermodal coupling and time-
dependent coefficients in Eq. (8¢). Then

— [PmZ;dx=2N;(w/Q),5,q//pcR’ (9a)

where ¢; is the uncoupled critical damping ratio in the ith
mode. Itis given by

pacR? Sl

6= 4N; (w/Q);

xZ}dx (9b)

Xc
With these simplifications Eq. (8) may be rewritten
Ni/ocR?{q/+2(w/Q) 5iqi+ (w/Q)iq;} =F, +e (10)

where e; is the error introduced by neglecting all terms due to
blade motion except for diagonal time-independent damping.
A theoretical solution of the equations of motion would feel
the effect of both errors in the representation of F; and in
neglected terms e;, whereas the scaling procedure is sensitive
only to the difference in e; between the model and prototype.
If the nondimensional error e; were the same for model and
prototype there would be no scaling error!

We will now concentrate on the equations for steady-state
harmonic response. It will be assumed that the harmonic -
components of the model’s generalized coordinates have
already been determined from blade bending moment and
flap angle data. The following notation will be adopted:

q;= ;QichOSk‘/f““QiksSink\b (11a)

F,= }; ay.cosky + by sinky (11b)

Upon substituting the above into Eq. (10) with e; =0, we

obtain
Qi Qike
=[T;] (12a)
bix Qiks

2 __ L2 |
[Tx]=N,/pcR? ka _____________
~2(w/Q)5k | (w/Q)F K
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Equations (12) may be used to solve for the force coefficients
a; and by using the model values of ¢, and g,,. Equations
(12) may then be inverted to determine the prototype g, and
g s using the now known values of a;, and b;,. Thus,

qikc Qikc
{ } =[Txlp [Tkl { } (13)
Qs J P Qiks J M

where the subscripts P and M have been used to denote
prototype and model, respectively.

When the harmonic coefficients in Egs. (11a) and (11b) are
substituted into Egs. (8a) and (8c) a more precise, albeit
cumbersome, set of scaling equations evolve. The resulting set
of linear algebraic equations, having both intermodal and
interharmonic couplings, are given in Appendix C.

Maneuver Conditions

Maneuver conditions can be analyzed if we treat the
response as an arbitrary time history. First the model’s
generalized coordinates are computed from bending moment
data at a sufficient number of discrete times to adequately
define the time variation. Next Eq. (8a), in conjunction with
either (8c) or (9), must be used to calculate the F;(¢). This
evaluation will require numerical differentiation of the
already determined model ¢,. With F;(f), the prototype
response may be found by integrating the same system of
differential equations (8a) using prototype rather than model
properties.

Chordwise Scaling

The scaling of blade chordwise response is complicated by
the fact that the forcing is largely dependent on flap motions.
(The converse is not true.) Thus we must know the flap
response before we can proceed to scale chordwise loads. A
possible scaling procedure will be briefly outlined.

The equation for the ith chordwise generalized coordinate,
v;, has the form

(N /pcR?) (v/+ (00, /)20, } =F, (1) +f5:(q;) +fa(v;) (14)

where
N =generalized mass of ith chordwise mode
(w./Q); =natural frequency of ith chordwise mode
F, =nondimensional forcing that does not depend

upon blade motions

Jai =nondimensional forcing due to flapwise
motions, this is comprised of both Coriolus
acceleration and aerodynamic terms

Sei =nondimensional forcing due to chordwise
motion

In order to use Eq. (14) the functions f;; and f, must be
explicitly defined, just as [p,,Z;, dx was defined for the un-
coupled flap case. The model data can be used to determine:
1) g; and v; from blade flapwise and chording bending data,
and 2) F; from Eq. (14).

The following steps can then be taken to determine the
prototype response: 1) scale the flapwise response as ex-
plained earlier; 2) use the scaled g, to compute fp; for the
prototype; and 3) solve Eq. (14) for v;.

Rotor Dynamic Loads

As mentioned earlier, it is a relatively easy matter to go
from the generalized coordinates to other rotor response
parameters such as blade motions, bending moments and
shears. Because of their importance, formulas for blade root
dynamic loads are summarized in Appendix D.

Extensions for Future Consideration

It is possible to rederive the scaling equations for fully
coupled flap-chord-pitch modes. This would be particularly
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useful for highly twisted and/or soft torsional blades. Other
areas which merit future consideration include the treatment
of unsteady aerodynamics and the coupling of rotor and hub
motions. This last application would enable the analysis of
various rotor isolation schemes.

Application to Test Data

The technology developed in the previous section has been
applied to model and full-scale helicopter test data. In Fig. 3,
scaled midspan flapwise bending moments from 12-ft-diam
and 16-ft-diam geometrically similar model rotors are
compared to CH-47C forward rotor flight data. The
geometric scaling is based upon the load ratios which would
exist if the rotors were dynamically similar.. It is evident that
dynamic scaling is required to collapse the data. The har-
monic content of model and full-scale flap bending moments
is compared in Fig. 4. Again, it is apparent that the dynamic
scaling procedure is necessary to bring the data together. In
this case the model was a 1/11-scale tandem rotor helicopter.
The test conditions associated with Fig. 4 are for a helicopter
in ““transition’’ flight. Here large dynamic rotor loads are
caused by the intersection of the blades with their trailing tip
vortices. It is an extremely difficult flight regime to
analytically predict dynamic rotor loads for single-rotor as
well as tandem-rotor helicopters. Thus, the application of a
loads scaling methodology is particularly attractive here. A
final example is contained in Fig. 5 where model blade tor-
sional loads have been scaled and compared to flight test
pitch-link loads.

The referenced work? documents a rotor wind tunnel test in
which individual blade root shears have been measured along
with blade bending moments and root angular motions. This
information has been used to produce the time histories
shown in Fig. 6. There is good agreement between measured
root vertical shears and those synthesized from blade bending
moment and flap angle data using the modal approach. The
measured root shears were obtained from a hub flexure
specially designed for this test (such measurements are
unavailable in most rotor tests), whereas blade bending and
flap angle data are usually available. In Fig. 7 vibratory hub
loads measured on a fixed system balance are compared with
those computed from blade data by the modal technique. On
the whole, the correlation is good.

o
3 DYNAMICALLY SCALED

20

V/aR

30
GEOMETRICALLY SCALED

12 FT DIA MODEL
20k 16 FT DIA MODEL

10

ALTERNATING FLAP BENDING MOMENT AT 55% RADIUS (IM.-LB x 10-3)

V/aRrR
Fig. 3 Comparison of scaled mede}l and flight test alternating flap
bending moments. Data from Boeing Vertol wind tunnel and flight
tests.
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Fig. 5§ Comparison of scaled model and flight test pitch link loads.
Data from Boeing Vertol tests.

An added dividend of the modal approach is that the blade
root shears so determined contain all harmonics and thus can
be used to approximate fixed system vibratory loads for
rotors having any number of blades, rather than just for the
rotor tested. This, of course, would not be possible using a
conventional fixed system balance, because the balance only
feels dynamic loads at n per rev (n = number of blades).

Summary and Conclusions

A methodology for scaling helicopter rotor dynamic loads
has been developed and demonstrated using model and full-
scale test data. The principal advantages of this capability are:

1) It relieves us from the sometimes difficult task of
building a dynamically similar model. For example, blade
skin thickness cannot be manufactured to scale on a small
model and some sort of compensation is necessary to
maintain strict dynamic similarity.

2) Data from one model can be used to assess various
prototype designs having different dynamic properties.

A residual benefit of the modal approach, apart from loads
scaling, is that fixed system vibratory hub loads can be ac-
curately determined from blade bending moment
measurements. The procedure has been illustrated in the text.

In this study, attention has been focused on uncoupled
blade flapwise response under steady-state trim conditions. It
has been indicated how the method may be extended to handle
maneuver loads. The scaling of blade chordwise and torsional
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Fig. 6 Comparison of measured and synthesized blade root shears.
Shown for V/QR=.28, Cy/0=.062, R =300 ft/s, 9-ft-diam, 4-biaded
model. Data from USAAVLABS technical rept. 66-77.
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Fig. 7 Comparison of measured and synthesized hub loads. Shown
for V/QR=.30, Cr/0=.06, V=710, 17-ft-diam, 4-bladed model
rotor. Boeing Vertol wind tunnel data.

freedoms has also been discussed. These topics require ad-
ditional analytical attention.

Although this method has been developed specifically for
helicopter rotors, the modal scaling approach can be
profitably used in dynamic modelling situations in which the
applied loading between the model and prototype is similar
while the structural dynamics are not.

Appendix A: Corrections for Mode Shape
A method to correct for mode shape differences between
the model and prototype will be presented. Let Z,,, and Z,
denote the mode shapes of the model and prototype,
respectively. From the model test we may determine

i
FMi=S PoZydx (AD)
XC
In order to compute the prototype response we need
1

Fpi= S PoZpidx (A2)

xc

The Z,; may be expressed as a series of the Z,,;, since the
Z,y; are a complete set in the interval 0<x < 1.

Zpi(x) = Y Ay Zpy (x) (A3)
J
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To find the coefficients A;, we multiply Eq. (A3) by
Zyy (x) and integrate from x=0 to x=1. This yields the
following set of algebraic equations for the 4 ;:

J /
go ZpZypdx= EAUS ZyjZ e dx (Ad)
- 0

The solution is given by

[4]=1gllA (ASa)
8ik = jZPiZMkdx (ASb)
hje= SZMjZMkdx (A3c)
and
Fpi=Y A,Fy, (A6)
J

Appendix B: Blade Flapwise Equations of Motion

Assumptions: 1) uncoupled flapwise motion; 2) deflections
are small and non-linear terms in the generalized coordinates
are negligible; 3) aecrodynamic forcing is a linear function of
angle of attack; 4) quasisteady aerodynamic strip theory; 5)
constant rotational speed. Other simplifications will be in-
troduced during the analysis. Expressing the total flapwise
motion of the blade as

W¥) =) Z,(xX) g (¥) (BI)

The governing equation for the jth generalized coordinate
g, becomes

ALY cR? ¢!
Qz+(—9—)’_q,-:p S u(Crur+Cpup)Z,dx (B2a)

2N;  xe
Ur=Xx+ psiny , (B2b)
dz; q; VAT'H
=ut — Ujng /IR — SN (B2
Up = ptana, — Uiy ucosdsz i R Z R (B2¢)
u=(ur?+up?) (B2d)
u=Vcosa,/QR (B2e)
a(x,y)=0(xy) +arctan (up/ur) (B2f)

Rotor geometry and relative velocities are depicted in Fig.
8. C, and C, are blade section lift and drag coefficients and
X, is the blade cutout ratio. To determine the part of the
forcing dependent on the g;, the following approximations are
made:

CL=aOC CD=CDO Uu=ur
tan ~up/ur=up/ur

Then,

ql+ ; [c; +pdysing1q]

+ E [usycosy +p?rysin2y1q; + (w; /) *q;
J

= (pcR3 /N,)F, (B3a)
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\ [ ¥
b) N1~ ¢)

Fig. 8 Rotor operating conditions: a) rotor relative to freestream; b)
blade azimuth definition; and c) airfeil angle of attack.

where
pcR? 1
Cy= 2N, (CD0+a)S xZ,Z;dx (B3b)
s pcR2 1
dy= (CDo+a>S 7,2,dx (B30)
pc !
s,-j= (CDO-HI) S xZ;(dZ;/dx)dx (B3d)
R’ !
ry= = (CDo+a)S Z,(dZ;/dx)dx (B3e)
2N; xc
7
F,-:thepartofg u(Cur+Cpup) Zdx (B3f)
Xc

that does not depend on the blade motion.

Appendix C: Flapwise Harmonic Response
For steady-state trim conditions, F; and g; may be ex-
pressed as

q,=gp+ }; (QixcCOSKY + gy Sinky) (C1)

Fi=a,+ ; (ay cosky + by sinky) (C2)

If we substitute the above into the equations of motion (B3)
and equate like harmonic powers, we obtain

Mode I [[M],; | [Ml2} -+« | M, | [tdn) ] [(Ful]
Mode2 | Ml M| | MLy | [ (@) | | (Fa)
Mode m | Ml M1z !+ - - Ml | g} | L(Fomc)

(C3a)

where off-diagonal submatrices are intermodal coupling
terms and where

L9 = | 901ci1sQi2cGizs** ] (C3b)

LFi | = Lapainbyapby------ ] (C3c¢)
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(C3d)

w0

The quantities A, B, C, D, E, F, G are dependent
on the harmonic number k: for odd-numbered rows, k=
(row no. —1)/2; for even-numbered rows, k= (row no.)/2;
and,

{ (w,/M)° —k?  (i=))
0 (i#))
B=kCU

C=p/2[s;—(k+1)dy]
D=u/2[s;+ (k—1)d;]
E=pr;/2
F=B+E
G=—-B+E
The terms ¢, d;, s;;, and r; were defined in Egs. (B3).

Appendix D:  Vibratory Hub Loads
Flapwise, chordwise, and torsional root end blade loads can

be obtained by summing the individual contributions due to
the various modes. The general form is:

Rootload = E(Modal coeff.),(Gen. coord);

where the sum includes rigid-body as well as elastic modes.
The modal coefficients are summarized in Table 1. They are
customary outputs in most blade natural frequency computer
programs.

Expressions for the root radial loads, which are more
complicated functions of the flap and chord generalized
coordinates, will now be derived. Coordinate definitions are
shown in Fig. 9. Material points on the blade are identified by
the spanwise coordinate s. The spacial radial coordinate x,
which rotates at 2 with the blade, is equal to

o (5) ()T o

s (L) (S o

Table1 Modal coefficients for blade root end loads

o Oo»r wln ok)m

s e X o]

Modal coefficient

Load

Flap Chord Torsion

Shear  w},§Z,dm (0 +9%){Y,dm

Moment (w}; —Q2)rZ;dm w2 [rY,dm (w3 — Q) [1,6%dr

L:vmnolom

}-nTH HARMONIC

Where it has been assumed that the blade is inextensible.

The time derivatives of x are given by

== )+ ()

(D1b)
v ((5) (&)

(o) (@)@ o

The radial and chordwise accelerations are readily found to be

ay=%-0x-29p (D2a)
ay=20%+5-Q2 (D2b)
Equations (D1) can be substituted into (D2) to explicitly
define ay and ay in terms of the deflections y and w (and their

derivatives). Furthermore, y and w can be expressed in terms
of their modal response. That is,

y=YYi(s)vi (1) (D3a)

w=)3Z,(5)4: () (D3b)

Thus, the blade radial acceleration @, can be written explicitly
in terms of the generalized coordinates v; and g, which are
readily determined from the test data. The blade root radial

R
-ma, ds
Q
S w
X
- d
ma-Y X
¢
-ma, ds
Q ° Y
b4

Fig.9 Coordinate definitions.
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force F is given by (see Fig. 9)

e[ e (5 on (2 o

It should be noted that only aerodynamic forces make up the
p’s because these are ‘‘follower’” forces, while Coriolus ac-
celeration loads are not. For these circumstances, it can be
shown that

Py =Y mZ (8 +w}q;)  (Dsa)
J

po=20m%+ ) mY,; (8 +wlv,) (D5b)
J

where ¥ in Eq. (D5b) can be written in terms of v; and g; by
using Egs. (D1b), (D3a), and (D3b). Equations (D1) through
(D5a) now allow us to evaluate Fp as a function of the
generalized coordinates.
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It should be realized that the steady as well as the harmonic
components of the generalized coordinates contribute to the
radial vibratory loads. Because it is usually difficult to ac-
curately measure the steady bending moments, in most cases it
will be necessary to calculate the steady components of the
generalized coordinates theoretically. This of course makes
the modal method less appealing for the determination of
radial hub loads than for the determination of blade root
loads in the flap and chord directions.
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